Let f be a primitive modular form of CM type of weight k and level 0 (N ). Let p be an odd prime which does not divide N , and for which f is ordinary. Our aim is to padically interpolate suitably normalized versions of the critical values L( f, ρχ, n), where n = 1, 2, . . . , k − 1, ρ is a fixed self-dual Artin representation of M ∞ defined by (1·1) below, and χ runs over the irreducible Artin representations of the Galois group of the cyclotomic Z p -extension of Q. As an application, if k 4, we will show that there are only finitely many χ such that L( f, ρχ, k/2) = 0, generalizing a result of David Rohrlich. Also, we conditionally establish a congruence predicted by non-commutative Iwasawa theory and give numerical evidence for it.
Introduction
The main conjectures of Iwasawa theory provide a general method for relating the critical values of complex L-functions to the arithmetic of a motive J , over certain infinite p-adic Lie extension M ∞ over a fixed base field K , which is always assumed to be a finite extension of Q. A key part of this main conjecture is to prove the existence of the relevant p-adic L-function for J over M ∞ . Unlike anything that is known for the theory of complex Lfunctions, this p-adic L-function is conjectured to lie in the K 1 group of a certain canonical localization of the Iwasawa algebra of the Galois group of M ∞ over K , and, as was first pointed out by Kato [11] , this leads one to study certain mysterious congruences between cyclotomic L-functions attached to the twist of J by arbitrary Artin representations of the Galois group of M ∞ over K . So far, these non-abelian p-adic L-functions have only been proven to exist when J is the Tate motive, M ∞ is totally real and contains the cyclotomic Z p -extension of Q, and the finally the relevant Iwasawa μ = 0 conjecture is valid. However, several authors [1, 2, 5, 6, 7] have obtained partial results about the existence of these p-adic L-functions, when J is the motive attached to a primitive modular form and
for an odd prime p and a p-th-power-free integer m. This type of extension is called a false Tate curve extension. In this paper, we will consider a family of modular forms of 484 DOHYEONG KIM general weight k 2 obtained from CM elliptic curves. We will establish an analogue of David Rohlich's result on the non-vanishing of central L-values when the k is at least 4, and conditionally prove in Theorem 9·1 the first case of Kato's congruences for certain false Tate curve extensions.
Statement of main results
Let Q be an algebraic closure of the field of rational numbers Q. For a number field K ⊂ Q, let O K be the ring of integers of K and A K be the ring of adeles of K . For a place v of K and an element x ∈ K , we denote by x v the image of x under the natural inclusion K → K v . We fix, once and for all, embeddings i v : Q → Q v for all places v of Q. In particular, denoting by c the complex conjugation, c acts on Q, which is in fact independent of the fixed embedding i ∞ when restricted to totally imaginary quadratic extensions of totally real fields. Let K be an imaginary quadratic field of class number one. Given an elliptic curve E/Q with complex multiplication by O K , one can associate the (adelic) grossencharacter
whose infinity type is normalized as
To lighten the notation, we will omit E from ψ E and write ψ = ψ E . We also let
and make the following hypothesis. HYPOTHESIS 1. k is a positive even integer such that k − 1 is prime to w K .
Since ψ r has conductor when 1 whenever r is divisible by 2w K , it follows from Hypothesis 1 that ψ k−1 has the same conductor as ψ. If we write τ f for the ideal theoretic grossencharacter associated to an adelic grossencharacter τ , then we have (ψ f ) k−1 = (ψ k−1 ) f and we may write ψ
where a runs over the integral ideals of K prime to the conductor of ψ, and N K/Q is the norm map from K to Q. Since E is defined over Q, we have ψ(
c . In particular, we have a f (n) ∈ Z for all n. It is well known that f is a Hecke eigenform of conductor N = N E , the conductor of E; for example, see [12, theorem 4·8·2] . Now, one can attach to f and a rational prime , a two dimensional vector space V ( f ) over Q with continuous action of Gal(Q/Q) which is unramified outside of N . The action of Gal(Q/Q) on V ( f ) is characterized by the property that the trace of (geometric) Frobenius Frob q is equal to a f (q) for every q relatively prime to N . By an Artin representation θ, we mean a finite dimensional vector space V (θ) over Q on which Gal(Q/Q) acts via a finite quotient. For an Artin representation θ, we simply write V (θ) := V (θ) ⊗ Q Q for each prime . For such θ and a prime q, we choose a prime relatively prime to q N and put
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where I q denotes the absolute inertia subgroup of Gal(Q/Q). Also, we put
The coefficients of P q (θ, X ) and P q ( f, θ, X ) are algebraic integers which are independent of the choice of . Then the L-function of f twisted by θ is defined as
as q runs over all finite primes of Q. The above Euler product converges when Re(s) > (k + 1)/2 and conjectured to have analytic continuation to the entire complex plane. We denote by 1 the trivial Artin representation, and simply write
Of course, we have
provided that Re(s) > (k + 1)/2. Throughout, we fix a prime p that satisfies the following hypothesis.
HYPOTHESIS 2. We have ( p, 2N ) = 1 and p splits in K.
It is well known that Hypothesis 2 implies that the p-adic Galois representation attached to E is ordinary at p, whence it follows easily that the Galois representation V p ( f ) is also ordinary at p. For an Artin representation θ and an integer n, write d(θ) for the dimension of θ, and d
for the dimension of the subspace of V (θ) on which the complex conjugation acts by multiplication by (−1) n (resp. by (−1) n+1 ). Let ω E be the Neron differential on the global minimal Weierstrass model of E over Q. Let + E be the minimal positive period of ω E , and − E be the absolute value of least purely imaginary period of ω E . Let p (θ) = p (θ, , dx) be the epsilon factor of θ at p, normalized as in Section 6. We define the canonical period
It is conjectured that the values
where n = 1, 2, . . . , k − 1, are all algebraic numbers. We shall consider a special case when θ varies over an infinite family of Artin representations for which this conjecture is known, and our aim will be to study their p-adic interpolation. Let m > 1 be a pth power free integer, and put
Then F is a Galois extension of Q, and we denote the corresponding Galois groups by
We fix a nontrivial character be the representation of induced from η and 1 respectively. ρ is an irreducible representation of dimension p − 1, which is independent of the choice of η, while σ is the sum of the p − 1 characters of 1 . In other words, σ is sum of Dirichlet characters whose conductor divides p. It is conjectured that the normalization (2·3) satisfies
for any element g in the absolute Galois group of Q. When θ is of the form σ χ for an Artin representation χ of , (2·6) follows from the classical theory of Eisenstein and Damerell, while the case θ = ρχ follows from a theorem of Shimura for the field Q(μ p ). By Hypothesis 2, we can write
where, by Hypothesis 2, one of the roots, say α, is a p-adic unit in Z p . For an ideal r of Z, we denote by ord p (r ) the exponent of pZ appearing in the decomposition of r into product of prime ideals. For an Artin representation
, and θ ∧ be the contragredient of θ. We write (s) for the classical gamma function. Following [3] , for n = 1, 2, . . . , k − 1, we define
Let Q cyc be the cyclotomic Z p -extension of Q and put := Gal(Q cyc /Q). We denote by μ p n the group of p n -th roots of unity in Q, and write μ p ∞ for the union of all μ p n with n ∈ N. The restriction map from Gal(
) isomorphically to , and we will view as a subgroup of Gal(Q(μ p ∞ )/Q), and κ : → Z × p be the restriction to of the cyclotomic character giving the action of the absolute Galois group of Q on μ p ∞ . Let I be the p-adic completion of the valuation ring in the maximal unramified extension of Q p . We define the Iwasawa algebra I[[ ]] of with coefficients in I by
where the inverse limit is taken over all open subgroups U of . Let γ be the unique topological generator of which maps to 1 + p by κ, and identify
by sending γ to 1 + T . We will prove that the values L p ( f, ρχ, n) admit a p-adic interpolation by an element of Iwasawa algebra as we vary χ among the finite order characters of and n = 1, 2, . . . , k − 1.
THEOREM (Theorem 7·2). There exists a p-adic period p ( f, ρ) ∈ I
× and an element
I(μ p )[[T ]] such that for every Dirichlet character χ of p-power order and conductor, we have
H (ρ, χ(1 + p)(1 + p) n − 1) p ( f, ρ) = L p ( f, ρχ, n). (2·9)
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For the definition of the p-adic period p ( f, ρ), we refer the reader to (7·1) and Section 3.
As an application, we obtain a generalization of a result in [14] 
We remark that the method of proof in [14] is mainly based on complex analytic arguments, while our proof of Theorem 8·1 crucially depends on p-adic methods. Now we explain the second application. We conditionally prove a congruence between L-values which is predicted by the non-commutative Iwasawa theory:-
THEOREM (See Theorem 9·1). Let σ be the representation of induced from the trivial character of 0 . Let p be the maximal ideal of I(μ p ). Assume that every prime divisor of m is inert or ramified in K. Assuming Hypothesis 4, which is given in Section 9, we have
We construct H (ρ, T ) by using the measure constructed in [10] and [13] , and prove (2·9) and (2·10) by explicit calculation of the aforementioned measure.
Review of the Katz-Hida-Tilouine measure
In this section, we review the properties of measure constructed by Katz [13] and HidaTilouine [10] . We follow the notation of [10] . Put 
Keeping the notation of the previous section, we denote by η a fixed non-trivial character of Gal(M/F) and by χ a Dirichlet character of p-power order and conductor. Using the second and third isomorphisms, we may view η and χ as characters of Gal(M/F) and Gal(F cyc /F), respectively. Via class field theory, we may then view η and χ as characters of A × F , which we denote by η F and χ F . We also denote by
If τ is any grossencharacter of A 0 -type, then letτ be the p-adic avatar of τ . Also we writeτ for the grossencharacter defined byτ (a) = c(τ (a)), where c is the complex conjugation. Let N F be the norm grossencharacter
Recall that we denoted the ideal theoretic grossencharacter associated to τ by τ f . Letp the prime of K such thatψ
where we recall that α is the p-adic inverse root occurring in (2·7). If we define to be the set of embeddings of F into C which extends the given embedding i ∞ : K → C, and denote by F + the maximal real subfield of F, then is a CM type for F/F + in the sense of [10] and [13] . We now briefly recall the properties of 488 DOHYEONG KIM Katz-Hida-Tilouine measure, using the notation of [10] . Let c be the exact conductor of λ. We decompose c = ff c i, where the prime divisors of f lie above the primes of F + which split in F and the prime divisors of i lie above the primes of F + inert or ramified in F. Depending on the choice of δ ∈ F subject to some conditions, we have the p-adic period p ∈ I × and the complex period ∞ ∈ F + ⊗ Q C. Using the CM type we have chosen, we may write
We do not recall all of the conditions that δ must satisfy, but mention that it is possible to choose such a δ so that σ (δ) is totally imaginary with positive imaginary part for all σ ∈ , and
where p is the prime of F corresponding to our fixed embedding • σ for σ ∈ , but in our case p consists of single place p, and use p in our formulae. If ξ = σ ∈ (n σ + m σ c)σ is an element of free abelian group generated by c , as in [10, theorem II], we define
Let G ∞ (c) be the projective limit of the ray class groups of F of conductor p n c as n tends to infinity. For a grossencharacter λ of A
. We also put Im(δ) = (y σ ) σ ∈ ∈ C where y σ denotes the imaginary part of σ (δ). Let c be an ideal of F prime to p and decompose c = ff c i so that ff c consists of primes split over F + , i consists of inert or ramified primes over 
for all grossencharacters λ with conductor dividing c p ∞ such that: Here we choose the normalization of the infinity type as
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The infinity type of N −n
Therefore, the interpolation range is −k + 1 + 2n 1 and k − 1 − n 0, or −k + 1 + 2n 1 and n − 1 0.
In other words, the condition in the theorem is satisfied precisely when n = 1, 2, . .
The next three sections will be to compare various restrictions of Katz-Hida-Tilouine measure to the cyclotomic line with the L-functions discussed in Section 2.
Computation of Euler factors
The aim of this section is to show that the modified Euler factors at the finite primes occurring in (2·8) are precisely the same as those coming from the Katz-Hida-Tilouine measure. We first prove:
PROPOSITION 4·1. Let r be any rational prime and let S r (F) be the set of places of F lying above r . Let η be either η or the trivial character, and θ be ρ or σ respectively. Then, for any Dirichlet character χ of p-power conductor and order, we have
Proof. To lighten the notation, let ν be χη ψ k−1 F . Let be a rational prime and choose a prime l of F lying above . Letν l be the l-adic avatar of ν and denote by V l (ν) the associated one dimensional vector space over Q on which Gal(Q/F) acts byν l . Then, it is easy to see
to Gal(Q/Q). Therefore the assertion follows from Artin formalism of Euler factors.
We also prove the next lemma.
LEMMA 4·2. Recall that we defined λ by (3·1), and λ * by λ
Proof. First assume that χ is nontrivial. In that case, λ is ramified at all places of F above p. On the other hand, V (ρχ) I p = 0 since acts trivially on V (ρ) and therefore it acts via χ on V (ρχ). Thus both sides are equal to 1. On the other hand, let χ be trivial. We consider two subcases; the unique prime ℘ of F lying above p is ramified in M or not. Suppose ℘ is ramified. λ is ramified at p since η is ramified at p. On the other hand, we have I p ( ) = and its action on V (ρ) has no invariant vectors. Thus, again, both sides are equal to 1. Now we consider the case when ℘ is unramified in M. Then ℘ splits completely or inert in M. In any case, we have
I p = Q · (e 1 + · · · + e p−1 ) on which Frob p acts trivially, or by multiplication by 1 = η(Frob ℘ ). We need to show
It easily follows from
Comparison of periods
In this section we compare three kinds of periods attached to f . The first one is the classical period defined in (2·2). The second one is the Katz-Hida-Tilouine period over K, and the third is the Katz-Hida-Tilouine period over F. Also, we will write KHT ∞ (K ) to denote the period ∞ attached to the field K in Section 3, where K is F or F. Recall that, in Section 3, we fixed δ ∈ F, for the CM extension F/F + . We emphasize that δ is attached to F/F + by writing δ = δ F , and fix δ K ∈ K corresponding to K/Q satisfying [10, (0·9)]. Note that δ K is a p-adic unit. We will use the notation of [10] , especially Section 5·1. In particular, A will denote the valuation ring of Q with respect to i p . 
PROPOSITION 5·1. If we write
As abelian varieties over A,
. Now we recall the definition of the nowhere vanishing differential ω trans,F on X (O F )(C). We write u for the standard coordinate for C and denote by du the associated differential on C /O F . We define ω trans,F by the pull-back of du under the isomorphism
via the pull-back. Now the assertion of Proposition follows from definition of periods;
PROPOSITION 5·2. Recall that d is defined to be the power of p in d F . We have
where u and v are non-zero elements of K prime top.
then u is in K and prime top, since F/K is totally ramified atp and K/Q is unramified at p. We have
Note that by one of the defining properties of δ F , the imaginary part of σ (δ F ) is positive for all σ ∈ , whence (5·6) equals (5·7).
Comparison of epsilon factors
It is important for our purpose to compute the discrepancy between the local factors in [10, (0·10)] and the epsilon factors of Tate-Deligne. We recall the definition of the canonical additive character
. For a finite place v = , the natural injection from Q to Q identifies the -primary subgroup of Q/Z with Q /Z , so we regard an element x ∈ Q as an element in Q/Z, for the 492 DOHYEONG KIM moment. We define (x ) = exp(−x ). Then for an element
, where v runs over the set of all places of Q. The product is well defined since (x ) = 1 for x ∈ Z , and is trivial on Q. For a number field K , we denote by K : A K → C the canonical additive character defined by K := Q • Tr K /Q , where Tr K /Q denotes the trace map. We denote by dx a Haar measure on ideles normalized so that the group of local ring of integers has volume 1. Recall that d F is the absolute different of F, and we let d F p denote the p-component of d F . For a prime ideal P of a number field K and an ideal r of O K , we denote by ord P (r ) the exponent of P appearing in the decomposition of r into prime ideals of O K . The discrepancy that we want to compute is given in the following lemma.
where W p (τ ) is the local root number given by [10, (0·10) ].
We want to remind the reader that the author [1] 
Proof. Equation (6·1) can be rewritten as
Since ψ F and N F are unramified at p, we have ord(f(λ )) = ord(f(η χ)). Denote by p ∈ F p the uniformizer of p. By the conductor-discriminant formula,
hence Equation (6·3) continues as
Recall that d is the power of p in d F . Then the level of F , which we denote by n( F ), equals d. Also, we recall from (3·2) that ord p (δ F ) = d. Using the standard formula
we conclude 
Proof. Since epsilon factors are inductive in virtual representations of dimension zero, we have
.
Let ℘ be the unique prime of F lying above p. Then F p % F ℘ , and Kp % Q p . Therefore, the assertion of the lemma follows from the conductor-discriminant formula for F/Q.
Proof of the main theorem
We begin with a lemma.
LEMMA 7·1. There exists a power series
Proof. The second assertion is obvious once we have existence of such H u (T ). Recall that u is defined in (5·2). By local class field theory, we know that u actually lies in 1 + pZ p . We obtain such an
We also introduce the following hypothesis, which is forced upon us by properties of the Katz-Hida-Tilouine measure, although it is conjecturally not at all necessary for the p-adic L-functions discussed in Section 2.
HYPOTHESIS 3. Every prime divisor of m is ramified or inert in K.
We 
Proof. Let η denote either η or the trivial character 1, and θ be its induced character of Gal(M/Q). Let μ(η ) be the specialization of the Katz-Hida-Tilouine measure μ to via η ψ k−1 F . More precisely, this specialization μ(η ) is the unique element of ( ) such that
for all characters τ of . Also, there is a Dirac-delta measure μ(−2δ
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In other words, μ(−2δ F ) is the Dirac-delta measure associated to the image of −2δ F under the map ((1 + p) n − 1) = u n . Note that ord p (w F Z) = 1, and
and the interpolation property of H (θ, T ) is a direct consequence of Theorem 3·1, Lemma 6·2, Lemma 6·3 and Lemma 7·1. Note that in order to obtain the interpolation for the case η = 1 where we integrate an imprimitive character, we need Hypothesis 3. We remark that the series H (σ, T ) recovers the product of p − 1 branches of p-adic Lfunctions associated to characters of Gal(F/Q), which were first constructed by Manin. We also give a remark for a reader who might wonder why we need Hypothesis 3. Let c be the prime to p conductor of λ . We could use the measure on the group G ∞ (c ), instead of that on G ∞ (c). It works fine and both power series H (ρ, T ) and H (σ, T ) exists with the interpolation property (7·1) under Hypotheses 1, and 2. However, they are not relevant for our application, namely Theorem 9·1. We will heavily rely on the fact that μ(η) and μ(1) is are restrictions of a single measure on the same group G ∞ (c).
A generalization of Rohrlich's theorem
The author has been inspired by a comment in Mathoverflow made by a mysterious user named Jupiter, which suggested to him to prove the following theorem. It seems to be the first generalization of an important theorem of Rohrlich in [14] , from the classical L-functions to a twist of a classical L-function by a non-abelian Artin representation of Gal(Q/Q). The main theorem in [14] , although it allows χ to vary among a bigger family of characters, can be viewed as the case when ρ is trivial. 
